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Abstract

Our study of perfect spline approximation reveals: (i) it is closely related to X4 modulation
used in one-bit quantization of bandlimited signals. In fact, they share the same recursive
formulae, although in different contexts; (ii) the best rate of approximation by perfect splines
of order r with equidistant knots of mesh size / is #"~'. This rate is optimal in the sense that a
function can be approximated with a better rate if and only if it is a polynomial of degree <r.

The uniqueness of best approximation is studied, too. Along the way, we also give a result
on an extremal problem, that is, among all perfect splines with integer knots on R, (multiples
of) Euler splines have the smallest possible norms.
© 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

In the recent years, the research on one-bit quantization of bandlimited signals, in
particular on the so-called X4 modulation, has been active, see [2,6,7,10-12,15,16]
and the references therein. The notion of perfect spline approximation is motivated
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by one-bit quantization. We will show later in this paper that they even have exactly
the same recursive formulae, although in quite different contexts.

We begin with the definition of perfect splines. Given A>0, let x; := ik, and T}, :
= {x;};. Denote by &, = 9’{? = %,(Ty, A) the space of all splines of order r>0 on
the knot sequence T) on a finite or an infinite interval A. It is well known that the
(r — 1)st derivative of any spline of order r is piecewise constant. The splines whose
(r — 1)st derivative can only be either 1 or —1 on each subinterval (x;, x;+1) are
called perfect splines. In general, all splines the absolute value of whose (r — 1)st
derivative is a constant M >0 are also called perfect splines. We denote the set of all
such splines on T), by

PM = PM(T), 4) = {Se S (T), A): S V(x) = + M, x#x;}, M>0. (1.1)

Note that J7’,M is not a linear space at all. It contains all polynomials of degree
exactly r — 1 whose leading coefficient is M /(r — 1)!, but not any polynomials of
degree <r— 1. In particular, 0¢ 2. Euler splines are a special case of perfect
splines with & =1, see Section 3 for more information. We will approximate
functions f'e C(4) with w,_(f,h) < co by perfect splines. Here and throughout the
paper, wy is the usual Ath modulus of smoothness of f, with wy(f, #) understood as
|IF1l, and |[-|[ = [ - |lc(4) denotes the uniform norm on the interval A. If for a
function feC(A4), wi(f,t0)<oo for some #,>0, then wi(f,)<co for any ¢>0.
From now on we shall simply say wi(f, 1) < oo. The following is our main theorem
of this paper.

Theorem 1. Let r=2 and 0<a<1 (called quantization parameter, see [2,7]) be given,
and let fe C(A) with w,—i(f,1)< 0. Then

C(A)r,1 (f, h) lf Wy_1 (f, h) >0,

1.2
CMir-! if w,_1(f,h) =0, (12)

E(f,2)) = inf |VS||<{
SepM

where C is a constant depending only on r and a. The size M of the (r—1)st

derivative S"=V for any Se P is chosen as a multiple of ™" w,_(f,h) in the c

ase of w,—1(f,h)>0 (see (2.7) below), and can be freely chosen in the case of

w,.,l(f, /’l) =0.

Remark. In the second case of (1.2) the value of M can be freely chosen, as small as
one wishes, thus the error can be as close to zero as one wishes. The only reason this
error can not be zero is the requirement of M >0 in definition (1.1), which excludes
polynomials of degree <r— 1 from 2. Later we will show the inequality in the
second case of (1.2) can be replaced by an equality with a specific value of Cif 4 = R,
see the paragraph after Corollary 6.

Theorem 1 can be rewritten in a better-looking but less accurate form by adding
the two terms in (1.2) together and replacing M by ¢ as follows.
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Corollary 2. Under the conditions of Theorem 1, we have

inf [[f — S||<Clwri(f,h) + ek (1.3)
SG;”)‘TVI

with properly chosen M and any £>0. If f e W' ' (A), then

inf ||f — S||<Ch e+ |[f"V)). (1.4)
SepM

Theorem 1 will be proved in Section 2. In Section 3 we will show the rate in (1.2) is
optimal. The uniqueness of best approximation will also be studied there.

2. Perfect spline approximation

We first introduce some properties of splines. The reader can find details in any
book on splines, such as [3,4,13,14]. If 4 = R, any S€.%, can be written as a B-spline
series

S(x)= > aNu(x), (2.1)

where

r—1

Nip(x) = N(X; X1y ooy Xigr) = (Xipr — Xi)[Xiy ooy Xigr] (- — x)+ .

The derivative of S can be easily written in terms of lower order B-splines:

o . 0 A .
S’ =(r—1) Z Ci — Ci-] Nij_1 = Z ﬁN{,r—l

i Nir—1 T Xi i=— o h

and in general,

S0 = i Nei 1= 0,1

= 5 N J=0, sy — 1 (2.2)
i=—o0

where 4 is the difference operator defined by Ac; == ¢; — ¢;_1, and A is the jth power

of 4. If A is a finite interval, we assume, without loss of generality, 4 = [0, 1]. Let n

be the largest integer such that nh<1, ie., n:==[h"'] -1, then (2.1) and (2.3)

become

n ) n A/ ;
S = Z C,'Nir(x) and S(]> = Z T/CN,'J-__/‘. (23)

i=1-r i=1-r+j
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Sometimes one considers the half-line 4 = [0, c0), on which the above become

0 ) © A/ .
S=3 aNy(x) and SV = 3 TC’NI-H-. (2.4)

i=1—r i=1-r+j
The coefficients of SV) for different values of j are closely related. To reveal the
relationship among them, we define auxiliary quantities
clm =h"WNe, j=0,....r—1. (2.5)
In particular, ¢\ = h~"+14""'¢; are the coefficients of SU~1), which is a piecewise
constant function. We can now rewrite

C[(j) — N = h7r+1A(Ajflci) _ hfﬁLl(AjflCi _ Ajflci_l) _ Cl(/—l) _ C[(.j_ll)

as

05771) = cl(fll) + cl@, c,V:I1> = c,g*l) — 057)7 j=r—1,..,1 (2.6)
This means if we know cg) for some ip and j = 0, ...,r — 2, and cE"_l) for all 7, then we
can calculate ¢; = h"‘1c§0> for all i. In another word, if we know coefficients for

S,S’,...,80=2 at some knot iy, and know all coefficients cl("_w of SU=1 then we can
recover S through recursive addition or subtraction by (2.6). This is a discrete
analogue to the fact that any f in the Sobolev space W{’l can be recovered from
initial values /) (a) for some @ and j =0, ...,r — 2, and "~V (x) for all x through
integration.

Let feC(A) with w,_;(f,1) < oo. Then there exists a spline Ge.#, such that

If = Gl[< Cran(f, h) <2C 101 (f , h),
therefore
wrfl(Ga h) <wr,1(G -1, h) + 0 (fa h) <G (f7 h) < 0.

Hu and Yu [8] proved that #~'||GU~V|| is equivalent to w, |(G,/) with the
equivalence constants depending only on r, that is,

1GY V< Csh™ w1 (G, ) < Cah™ oo,y () < o0,
Let

Vo {c4a—1h—r+'w,1(f,h) if w,_1(f,h)>0, 2

any positive number if w,_;(f,h) = 0.

We point out that if w,_; (f, #) >0 this M depends on A, and is bounded as /1 — 0 only
for feLip*(r — 1,C); if w,_1(f,h) = 0, M can be chosen arbitrarily small as long as
it is positive, see the remark after Theorem 1. Define g .= G/ M, then

r— 1 r—
llg' l)II=M||G( D<o (2.8)
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Here we observe that (2.8) is still valid even if w,_;(f, h) = 0, since in this case f = G
and 1 = GU—1) = 0. The key to prove Theorem 1 is the following theorem, which
is significant by itself.

Theorem 3. For any ge %, (T, A) with ||g"V||<a, 0<a<1, there exists a perfect
spline s€ 2! defined in (1.1), that is, s€ &, with s"~V(x) = + 1, such that

llg — s||<Ch' = C(r, o). (2.9)
We write g, s, and g — s as B-spline series:

g(x) = Z ailNy(x), s(x) = Z biNi(x), (2.10)

g(x) —s(x) = Z (a; — bi)Ny(x) =: Z uiNy(x), (2.11)

i i
where the index i runs over the same range as in (2.1), (2.3), or (2.4), for 4 = R, [0, 1],
or [0, o0), respectively. Similar to (2.5), we define

al) = h Nay, B =N, d) = N,

=0, .1 (2.12)
Given {a;};, we choose bg) = ag),j =0,...,r—2, then
ul =dV - =0, j=0,..,r-2. (2.13)
If we have schemes to determine 5" for one i at a time, then u\" =4/ —
bl(r_l), and ugo) can be calculated by applying (2.16) to uy):
Y = AP, D = o,
PR S S -
R R

which in turn leads to u; and then b;. The schemes have to be such that the resulting
{u;} is bounded by a constant depending only on r and «, which will guarantee (2.9).

Such schemes are said stable. The reason we do not directly apply (2.6) to bl(.i ) to find

all b; but calculate u; first instead is that in all the schemes to be introduced, b,(r*”
will depend on ul@l, j=0,...,r—2, which give information on the errors in the
function value and the derivatives in the previous step.

The first column of (2.14) turns out to be the same as the discrete dynamical
system that arises from >4 modulation, although in different notation and different
context, see [2,7,15,14], etc. As mentioned at the beginning of this paper, our interest
in perfect spline approximation was motivated by X4 modulation using oversampled
one-bit quantization, but we did not expect the two areas so closely related with each
other that they share the same recursive relationship among their “‘state variables”.
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For this reason, a stable scheme in X4 modulation can be directly used in perfect
spline approximation without change, and vice versa.

Remark. One can readily implement a one-bit quantization scheme using perfect
splines. This can be done by first using a quasi-interpolant operator to approximate
the signal by a spline, which will be our G, and then obtaining a perfect spline
approximation Ms to this G (recall that ¢ = G/ M and s is an approximation to g) by
an encoding/decoding scheme described here. The advantage is that the signal can be
recovered by using highly efficient, widely available B-spline evaluation algorithms,
see Chapter 5 of Schumaker’s book [13], and Lyche and Schumaker [9].

In the following we will introduce some versions of schemes used in 24
modulation.
Scheme for r = 2: This is a well known scheme. The forward part (on the left-hand
side) of (2.14) becomes
W =% +u” =d 1 dV -V =123,

(0)

i

1 ..
We choose bl( ) to minimize u

bgl) = Sign(ugg)l +a§1)), (2.15)
where
Sign(x) 1 if x>0,
ign(x) =
£ —1 otherwise.

It is trivial to verify that if |a§l)|<l and |u§2)1 | <1, then |u§0)\< 1, thus |ul(.0)|<l forall i
by induction.

If A = R, one needs the backward part (the second column) of (2.14), which takes
the form:

u@l = u50> - uﬁ” = u§0> — algl) + bf-l).

Then it is natural to modify the forward scheme (2.15) to

b = —Sign(\” — al"). (2.16)
The boundedness of u,(.0> can be verified the same way. We shall only discuss the
forward version of each scheme for r>2. The interested reader can work out a
backward version for each of the schemes listed below in a way similar to (2.16). We

should point out that we only discuss schemes in which bl(.r_l) depends only on r — 1
state variables ul@l, j=0,....,r—2, (and the input al(.rfl)). It is easy to construct a
backward version for this class of schemes. But as the referee of this paper warns, it
is not always straightforward (if possible at all) to do so out of a given general
forward scheme. There are schemes that use more (maybe infinitely many) past state

variables, and there is the question about whether a good initial condition for a
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forward scheme is also good for the corresponding backward scheme if exists. But
these issues are far beyond the scope of this paper.
Scheme A for r = 3: The forward part of (2.14) becomes

ugl) :”1('91 + ul(;) _ ugl)l + alqz) _ b,@,

(0) (0)

u® =4 4y = O

L u =+ u(l)1 +a§2) —b?.

i— i
The idea of minimizing |u§0)| as in (2.15) by using

L+ um1 + af-z))

i—

bgz) = Sign(ul@
does not work. In a numerical experiment, after we hand-picked about 10 values for
)

a;”’, uEO) began to oscillate with increasing amplitude. It turns out that minimizing

o o] = oy 20+ 207 — 257

by choosing
b = Sign(, +2u") +247) (2.17)

is a much better idea. Daubechies and DeVore [2] showed that {u,(-())} calculated by
@)

i

(2.17) is bounded if « is sufficiently small. In a numerical experiment, we used for a
in (2.17) random numbers from [—0.5,0.5], and found

V<21, [ulV<1.9, ¥ +ulV|<2.7 for 0<i< 10",

i

Scheme B for r = 3: (Daubechies and DeVore [2])

bi? = Sign(u) + M Sign(u’))), (2.18)
that is,
. 1 .
yo [ Sien@) i >,
Sign(u,@l) otherwise,

where M| == 2(1 + «).

Remark. Ozgiir Yilmaz proved in a recent paper [16] the stability of a very general
scheme for r = 3. While there are ad hoc schemes for r<6 in electric engineering
practice, the following scheme by Daubechies and DeVore [2] is the very first
stability result for any r greater than 3 by our best knowledge.

Scheme for arbitrary order r=3: One can generalize (2.18) to
bV = sign(u!? + M, Sign(u!Y + - M,_5 Sign(u",
+ M, Sign(”)) ), (2.19)

where M;, j =1, ...,r — 2, are constants depending on r and o.
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Lemma 4 (Daubechies and DeVore [2]). Let r=3,

K, = F(ll—i_;)w +2 and M; =2(1+a).

Then {ugo)} generated by (2.19) is bounded.

1

|ul(0) |<= (3K;) 24203 (2.20)

|

We are now ready to prove Theorem 3.

Proof of Theorem 3. We only show the case 4 = [0, 00). It is similar for 4 = R or
[0,1]. Given g(x) =", a;N;(x) with |al<-r71)|<oc< 1, we choose bg) = ag), j=
0,...,r—2, and choose bl(r*l) as in (2.15) if r =2, or as in (2.19) if r=3. Then
|u§0)|< C, where C =1 if r =2, or as in (2.20) if r>3. This gives

luj| = |a; — bi|<CH™' fori=1,2,3,... . (2.21)
It is well known that the 7, norm of {u;} = {a; — b;} is no less than the L., norm of
g— s

g = sl <[Hui}l,, - (2.22)
The Jackson inequality (2.9) follows immediately from this and (2.21). O

Proof of Theorem 1. We define S .= Mse¥,, where M is defined by (2.7). Then
|St=D|| = M||s"V|| = M. From Theorem 3 we have

I = SlI< | = Gl + G = SlI< Croo,(f, h) + Mllg — 5]

_ | Conalfih) i o (£, 1) >0,
S emi! if w,_1(f,h) =0,

with C depending only on r and a.

3. The rate of perfect spline approximation

In this section we prove the approximation rate (1.2) is optimal. First we
prove that if 4 = R then /"' is optimal in the case of w,_|(f,h) = 0 by showing
that even for f(x) =0 in (1.2), or g(x) = 0 in Theorem 3, the approximation error
by perfect splines is still CMA™! with an explicit value for C. In fact, we will
identify best approximations to any feC(R) with w,_(f,h) =0, (or in another
word, for any feP,_,), resulting in exact errors rather than error upper bounds.
Euler splines &,,, which are well documented in the literature, or their multiples,



Y.-K. Hu, X M. Yu | Journal of Approximation Theory 121 (2003) 229-243 237

turn out to be the best approximation. Some of their properties are listed
below.

(i) &, 1s a spline of order m + | and has simple knots at the integers if m is odd,
and at the half integers i + 1/2, i€ Z, if m is even;
(i) ||&,]| = 1, with &,(i) = (—1), i€ Z;
(iii) &n(x)>0 for xe(—1/2,1/2);
(iv) &, is a periodic function of period 2, with &,,(x + 1) = =&, (x);
(V) &o(x) = (1), i—1/2<x<i+1/2,ieZ.

The derivatives of Euler splines are easy to calculate. For 0<k<m,

k/2 . .
K. D" &k (x if k is even,
50 (x) = Kt e ), | ;k( ) (3.1)
K (=) D2g, (x+1/2) if k is odd,
where K,, £/ =0,1,2, ..., are the so-called Favard numbers. We have
i n? m . 4
K0_17 Kl_§7 K2_§; K3_ﬁ7 and /an;lC KK_E7
4
Koy<Kry<Ky<--<—<--<Ks5<K;3<Kj.
T

In particular,

(—1)"1/2@@0(96) if m is even

m-D/2g (x4 1/2) if m is odd,
()" 2 (x)  if m is odd,

(1) 228 (x + 1/2) if m is even,

g;(;n) (x) = AM{
(=1)

1
s (x) = §Am{

where A4,, = n""/K,,. The reader can see that they are perfect splines with knots at
the integers or half-integers depending on m, and ||¢™)|| = 2||6"~ V|| = 4,,..

m
Euler splines appear as the solution for many extremal problems such as in
the following version of the Kolmogorov—Landau inequalities [4, Chapter S5,
Theorem 7.2].

Em|l =1 and ||F<’”)H<||é‘7(’”>|| = A,,, then

m

Theorem A. If F e W’ (R) satisfies ||F|| <

IFON< W, k=1,...,m—1. (3.2)
Denote by
P =20 (T1,R) = {s€ L1 (T1, R): [s")(x)| = Ay, x¢2Z} (3.3)

the class of all cardinal perfect splines with the mth derivative being + A4,,. We now
prove the Euler spline &,, is the best approximation to 0 from 2.
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Theorem 5. Let m>=1 and A = R. The best approximation to f(x) = 0 from P is, up to
a sign, the Euler spline &,,(x) if m is odd, or &,,(x + 1/2) if m is even.

Remark. If m = 0, the best approximation is not unique. In fact, any spline in 2 has
the same approximation error 49 = 1/Ky = 1.

Proof. We assume m is odd. The proof for even m is almost identical. We first show
if the mth derivative s of any se 2 fails to change sign at every integer i, then
IV > 4 Ay = (|65, thus by Theorem A, |0 — s[| = [[s]|>[|&| = [0 = &5ll,
which means this s is a worse approximation than &, €2, thus is not a best

approximation to 0. Indeed, let o; be the sign of s on (i,i + 1), then from

x
S(mfl)(x) — S(”171)(l.) +/ S(m)(l) dr (34)
i
we have
s(m—l)(l' _ 1) — S(m_l)(i) — 0i—1Am, (35)
s DG4 1) = 5"V () 4 614, (3.6)

If | st~V (i)| >4 A,,, then ||s"~D||>1 4,, and s is not a best approximation to 0. Now
we suppose |s"~V(i)|<14,,. By (3.6) the only situation in which [s("~D(i+

1)|<} 4,, can happen is [s"~V(i)| =1 4,, and ¢; = —Sign(s"~Y(i)), in which case
sH A+ 1) = —sV" (1), Similar 1t has to be the case that s\ /(i — =
(m=1(i 4+ 1) (m=1)(i). Similarly, it h be th hat s¢=V(i - 1)

—sm=D(j) and ¢,_; = Sign(s"~1(i)) = —a,. That is, a best approximation to 0 must

change the sign of its mth derivative s””) at each knot i. In another word, only splines
s in the form of

S(X) = Pm—1 (X) iéam(x)y (37)

where p,,,_1 €P,,_; is a polynomial of degree <m, can possibly approximate 0 better
than &,,.

In the second part of the proof, we find a polynomial p,,_; in (3.7) such that
[Is|| = |€m — (—Pm-1)|| is minimal, which will give a best approximation from P.
Since &, is bounded, p,,_; has to be bounded too, which means it is a constant
polynomial. From the fact —min, &,,(x) = max, &,,(x) = 1, one immediately sees
that p,,—1(x) = 0 makes ||s|| minimal. O

Corollary 6. Let m>1and A = R. The best approximation to any p,,_, € P,,_\ from 2
is, up to a Sign, pm—1(x) £ &w(x) if mis odd, or py—1(x) £ Ep(x + 1/2) if m is even.

Proof. The proof is almost the same as that of Theorem 5. [
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By Corollary 6 the best approximation to any polynomial p, ,€P, _,, r=2, by
perfect splines from #¥ = 2M(T;, R) is

r—1
pra)+ M (f) if m is odd,
Ay h

s(x) = .
MP! x 1 o

p,,_2(x)iﬂé”,_1 <h+2> if m is even

with an error of MA"~'/A,_;. This is also true for r =1 with p_; == 0 by direct

verification although the best approximation is not unique. In fact, any seg’{” isa

best approximation to 0 with the same error M.

Theorem 5 also solves an extremal problem, quite classical in nature, namely
among all perfect splines with the (r — 1)st derivative +1, which ones have the
smallest norm. This goes back long time. As a matter of fact, the second part of the
proof of Theorem 5 is a special case of Cavaretta [1], (also see Schoenberg [14,
Lecture 9]). Cavaretta’s results are valid for some other knot sequences, but with the

assumption that s"~1) changes sign at every knot (thus are only related to the second
part of our proof). Our set 2 allows any sign pattern in s’~". We rewrite Theorem 5
in classical language below as a corollary.

Corollary 7. Among all perfect splines in ), (T1,R) = {s€ % p1(T1,R): [s")(x)| =
1, x¢Z}, only + 4,1 Ep(x), if mis odd, or + A8, (x + 1/2), if m is even, have the
smallest possible uniform norm A,

In the following theorem we show the order r — 1 is optimal in all cases.

Theorem 8. The approximation order given by inequalities (1.2) is optimal for any
finite or infinite interval A.

Proof. Without loss of generality, we assume 0€A. We first consider the case
w,—1(f,h)>0. By the well-known Bernstein-type inequality
Is®)| < Csh7™*||s||, se,, 1<k<r,

(see Theorem 1.2 of Chapter 5 in [4] for the case 4 = [0, 1], which can be easily
extended to R for p = o), we have

1 .
[Is]] >gh’*1 150V = el Is" V]| Croopa(s,h),  se S, (3-8)
5

where Cs—C; are constants depending on r. Here again we have used the fact that
H=1)sU= V|| is equivalent to @, (s, h) [8]. Let £ be an (r — 1)-fold integral of

f(rfl)(x) —_ { (()_l)i iiglolhh()l"‘ 1)/’1)7 i#0,
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Then f belongs to %, =C(A), and so does f — s for any se ¥ = %, with any M >0.
We apply (3.8) to f — s and f and obtain

1 = sl[= Ceh™ |1V = s V)| =5 Col [ "V 25 Crooi (/, ), (3.9)
where in the second inequality we have used the facts |[[f~!) —s0—D| =
max(M, |1 — M|)>1/2 and ||f"~V|| = 1. This shows w,_{(f, k) is the optimal order
for functions f in C(4) with w,_(f,/h)>0.

Now let f e C(A4) with w,_(f,h) = 0, that is, f € P,_». Then the first part of (3.9),
which is valid for all f€.%,, becomes

1 = sl|= Ceh™ || — st || = Coh|s" V|| = CoMh™,
which shows the second part of (1.2) is optimal. [

In Theorem 8 we showed (1.2) is optimal, in the so-called worst scenario sense for
the case w,_1(f, h) >0. We now show r — 1 is the best order in the sense that f has an
approximation order o(#~!) if and only if feP,_;.

Theorem 9. Let A be any interval and '€ C(A). Then the following statements are
equivalent:

(1) for each h>0, there exists a spline S/,e@ﬁ”"(T/,,A) for some M}, >0 such that
1f = Sull = o(h""); (3.10)

(i1) f is a polynomial of degree <r on A.

Proof. We first prove (i) implies (ii). Let 4 be finite with a length comparable to 1
and let Sj, be a best spline approximation to f from S (Ty, A). We have

1f = Shll<Ilf = Sull = o(h""). (3.11)

The inverse theorem for spline approximation from .%,(Ty, A) ([5], also see Section
12.2 of [4]) gives

o (f,h)<C max_||f —Si/ml| =o(h"), (3.12)

n<m<2n

where n := [1/h]. Therefore

r(Sp, ) <o (f — Sy h) + o, (f,B) < C|If — Sil| + o (f,h) = o(KY),  (3.13)
and, by Hu and Yu [8],

(S )~ w0, (Sy, h) = o(1). (3.14)
We observe that

)

(3.15)

(r—1) 2M, if S,(f_l) changes sign at least once
W(Sh h) = .
0 otherwise.
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Note here “otherwise”” means S,eP,_;. We now prove f is a polynomial in two
cases.

Case 1: There exists an />0 such that S,g"_l) changes sign at least once for every
h<hy. Then by (3.14) and (3.15)

o(1) = w(SY™V hy = 2m, = 2|SVV)|,  h<hy.
Hence
1 (S, By <H|S) V]| = o( ).
From (3.10)
o1 (f, ) <1 (f — Spyh) + o1 (S, h) = o(K1), (3.16)

which implies that f'eP,_;, (see for example, Theorem 2.59 of Schumaker [13]).

Case 2: There exists a sequence {/,} with lim,_, ., 4, = 0 such that S,Sffl) have no
sign changes, that is, {Sy,} is a sequence of polynomials of degree r — 1. Since S,
converge to f in norm, f is in the closure of P,_;, which is a closed subspace.
Therefore feP,_;.

We now consider the case 4 =R or 4 = [0, o0). Since (3.10)) is true on every
interval [i,i+ 1] that is contained in A4, therefore f is a piecewise polynomial of
degree <r on A with possible knots on every integer i. But if we consider every
interval [{ — 1,7 + 1] that is contained in A, we know no such i is actually a knot, thus
f is a polynomial on the whole interval 4.

We prove that (ii) implies (i) also in two cases.

Case 1: f is a polynomial of degree exactly r — 1. Since f € 2Y(T), A) with M =
fU=D for every h, one can choose Sj, = f for every &, which results in ||f — Sj|| = 0,
of course.

Case 2: f is a polynomial of degree <r — 1. Thenfé@ﬁ”(Th, A) no matter what M
or /i is. By Theorem 1, the error is < CMA'~!, where C is independent of /, while M
can be freely chosen. One can choose M) such that M; —0 as h—0 (for example
M), = h), and use for S), a (near) best approximation to f from ?fﬁ””(T;,, A). O

Remark. It is unusual that polynomials of lower degrees have nonzero errors while
those of degree r — 1 are approximated exactly. This again reflects the fact that the
only polynomials belonging to /- 2M (T}, A) are those of degree exactly r — 1.

We conclude this paper by some word on the existence of best approximation from
PM = PM(T), A) defined in (1.1). Let o = {o;M},_, be a finite or (bi)infinite
sequence with o; = 1 or —1,and A = {i: (i,i + 1)nA#0}. Let S,€ 2 be the spline
such that

SCV(x) =M, xe(i,i+1) and Se(0) = S,(0) = - = SU2)(0) =0.
Then
2 = J(Ss +Pr2),
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where the union runs over all possible sequences ¢ defined above. Each affine space
S5 + P,_» 1s a closed set, so is ,@,M if A is finite. We have just proved

Theorem 10. If A is a finite interval, then best approximation from 2 to any f e C(A)
exists.
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